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1. Na brejeÐ me th mèjodo tou Euler h lÔsh tou probl matoc arqik¸n tim¸n:{
y′ =

x

y
, x ∈ [0, 1],

y(0) = 1,

me akrÐbeia tess�rwn dekadik¸n yhfÐwn sto shmeÐo x = 1 kai me b ma h = 0.2.
Na sugkrijeÐ h tim  pou prokÔptei apì thn mèjodo me thn antÐstoiqh analu-
tik  lÔsh.

Upìdeixh: H proseggistik  lÔsh me thn mèjodo tou Euler eÐnai 1.3550,
en¸ h tim  pou prokÔptei apì thn analutik  lÔsh eÐnai 1.4142.

2. Na apodeÐxete to Je¸rhma ektÐmhshc sf�lmatoc thc mejìdou tou Euler
gia sust mata S.D.E.: 'Estw f : [α, β] × Rm → Rm mia sun�rthsh h opoÐa
plhroÐ th sunj kh tou Lipschitz wc proc y, omoiìmorfa wc proc t, wc proc th
nìrma ‖ · ‖ tou Rm. 'Estw y = (y1, y2, ..., ym)

T , yi ∈ C2[α, β], i = 1, 2, ...,m,
h lÔsh tou probl matoc arqik¸n tim¸n:{

y′(t) = f(t, y(t)), α ≤ t ≤ β,
y(α) = y0.

An y0, ..., yN eÐnai oi proseggÐseic twn y(tn), tic opoÐec dÐnei h mèjodoc tou
Euler wc proc ton omoiìmorfo diamerismì tou [α, β] me b ma h = (β−α)/N ,
tìte isqÔei:

max
0≤n≤N

‖y(tn)− yn‖ ≤ M

2L
C1

[
eL(β−α) − 1

]
h, (1)
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ìpou M = max
α≤t≤β

‖y′′(t)‖∞.

Upìdeixh: H emf�nish thc stajer�c C1 sthn ektÐmhsh (1) ofeÐletai sto
gegonìc ìti h par�stash tou upoloÐpou tou anaptÔgmatoc Taylor me thn tim 
miac kat�lhlhc parag¸gou se èna endi�meso shmeÐo den isqÔei gia dianusma-
tikèc sunart seic. Pr�gmati, sth dianusmatik  perÐptwsh, h antÐstoiqh thc
sqèshc:

y(tn+1) = y(tn) + hy′(tn) +
h2

2
y′′(ξn),

thc bajmwt c perÐptwshc, eÐnai:

yi(t
n+1) = yi(t

n) + hy′i(t
n) +

h2

2
y′′i (ξ

n
i ),

me ξni ∈ (tn, tn+1). Sunep¸c, h antÐstoiqh par�stash sthn prokeimènh perÐ-
ptwsh eÐnai:

yi(t
n+1) = yi(t

n) + hfi(t
n, y(tn)) +

h2

2
y′′i (ξ

n
i ),

3. JewroÔme to prìblhma arqik¸n tim¸n:
x′(t) = −2x(t) + y(t), t ∈ [0, 1],
y′(t) = 2x(t)− 2y(t), t ∈ [0, 1],
x(0) = x0,
y(0) = y0.

(2)

(a) ApodeÐxte ìti h sun�rthsh [x(·)]2 + [y(·)]2 eÐnai fjÐnousa. (b) Diakrito-
poioÔme to prìblhma arqik¸n tim¸n (2) me thn peplegmènh mèjodo tou Euler,
qrhsimopoi¸ntac ènan omoiìmorfo diamerismì tou diast matoc [0, 1] me b ma
h. ApodeÐxte, me touc sunhjismènouc sumbolismoÔc, ìti:
(xn+1)2 + (yn+1)2 ≤ (xn)2 + (yn)2.

Upìdeixh: O pÐnakac

(
−2 1
2 −2

)
eÐnai arnhtik� orismènoc.

4. DiakritopoioÔme to prìblhma arqik¸n tim¸n:{
y′ = −ey, t ∈ [0, 1],
y(0) = 1.

me thn peplegmènh mèjodo tou Euler, me b ma h. ApodeÐxte ìti oi proseggÐ-
seic eÐnai kal� orismènec.
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5. JewroÔme mia sun�rthsh f : R→ R, h opoÐa eÐnai suneq¸c paragwgÐsimh
kai tètoia ¸ste f ′(x) ≤ 0 gia k�je pragmatikì arijmì x, x ∈ R. Diakrito-
poioÔme to prìblhma arqik¸n tim¸n:{

y′ = f(y(t)), t ∈ [α, β],
y(α) = y0.

me th mèjodo tou trapezÐou, jewr¸ntac ènan omoiìmorfo diamerismì tou dia-
st matoc [α, β]. ApodeÐxte ìti oi proseggÐseic eÐnai kal� orismènec.

6. JewroÔme to prìblhma arqik¸n tim¸n:
dy

dt
= 10y(t)

(
1− y(t)

1000

)
, t ∈ [0, 2],

y(0) = 100.
(3)

(a) Na epilujeÐ analutik� to prìblhma arqik¸n tim¸n (3). (b) Na ulopoihjeÐ
upologistikì prìgramma pou na qrhsimopoieÐ thn mèjodo tou Euler, me b -
mata h = 0.1, 0.15, 0.2 kai 0.25. Na exet�sete p¸c autèc oi proseggistikèc
lÔseic proseggÐzoun thn akrib  lÔsh tou probl matoc. Na anaparast se-
te grafik� thn analutik  lÔsh kai tic proseggistikèc lÔseic gia ta di�fora
b mata. Ti parathreÐte ìso aux�netai to b ma h; GiatÐ parathreÐtai aut  h
sumperifor�;

Upìdeixh: H analutik  lÔsh tou prìblhma arqik¸n tim¸n (3) eÐnai h:

y(t) =
1000

9e−10x + 1
.

7. Na ulopoihjeÐ upologistikì prìgramma pou na qrhsimopoieÐ th mèjodo
tou Euler, thn peplegmènh mèjodo tou Euler kai th mèjodo tou trapezÐou
gia omoiìmorfo diamerismì me b ma h = 0.1, gia to prìblhma arqik¸n tim¸n:{

y′(t) = λy(t), t ≥ 0,
y(0) = 1.

Jewr ste ìti λ < 0. Poièc eÐnai oi perioqèc apìluthc eust�jeiac gia tic
treÐc mejìdouc b�sei tou λ pou èqete epilèxei; Na d¸sete se morf  pÐnaka tic
proseggÐseic pou dÐnei h k�je mèjodoc kai na upologÐsete to δn gia k�je mia
apì autèc se k�je upologistikì b ma gia n = 0, 1, 2, ....

8. 'Estw φ : [0, 1]→ R mia suneq c sun�rthsh. DiakritopoioÔme to prìblh-
ma arqik¸n tim¸n: {

y′(t) = −(y(t))3 + φ(t), t ∈ [0, 1],
y(0) = 1,
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me th mèjodo tou trapezÐou, jewr¸ntac ènan omoiìmorfo diamerismì tou dia-
st matoc [0, 1] me b ma h. ApodeÐxte ìti oi proseggÐseic eÐnai kal� orismènec.

9. JewroÔme to prìblhma arqik¸n tim¸n:{
y′′(t) + y(t) = 0, t ∈ [0, 2π],
y(0) = 1, y′(0) = 0.

(4)

(a) Na epilujeÐ analutik� to prìblhma arqik¸n tim¸n (4). (b) Na ulopoihjeÐ
upologistikì prìgramma pou na qrhsimopoieÐ thn mèjodo tou Euler kai thn
mèjodo tou mèsou, me b ma h = 0.1. Na exet�sete p¸c autèc oi proseggistikèc
lÔseic proseggÐzoun thn akrib  lÔsh tou probl matoc. Na anaparast sete
grafik� thn analutik  lÔsh kai tic proseggistikèc lÔseic.

Oi ask seic mporoÔn na epistrafoÔn kai mèsw email(mxenos@cc.uoi.gr) mè-
qri thn hmèra exètashc tou maj matoc.
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